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ì¶îÎå'ã½ê�ë¹ì¶îØóQé�çOå�ãQò&ãQé¶ãÎóQì¶èuêXé�÷.ì¶ë � � U)Jçrâ¬ô�ò&ãÎì¶îÎå'çr÷�ë¹ñØâ¹ð·êXèrç�å'æ�êEå(ì¶ë(èrãQäïò.êXèFåKõQãQâ¹ì¶çrîÎå�êXö.é¶çQõêQîØ÷é�"ìÇå'æØãQñ�å½ö&ãÎñØîØ÷�êXâ¬ôRõ�êX÷ØäïìÇå'ë½ê:ë�ô�ë�å'çuä+ãQð�é�ãJãQòØë � á.âbãQä å'æØçNå�æØçrãQâ�ôsãQð1å�æØç�èré�êXë¹ë¹ì«í.èKêEå'ì¶ãQî�ãQðë¹ñ.âbð·êXèrçuë�BA@�D H õoìÇå�ì¶ë � îØã��"îYå�æ.êEå�êXîRô�ë�ô�ë�å'çrä ãQî (M, v)
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ì¶îRå'çrâbë¹çrè6å�êXîØ÷�äïêrôùãQâ4äzêrôøî.ã/å�èrâ¹ãQë¹ë �

ï�� $ XÿQü1�aQÿ�2#2ª��0i�������Øý $zð#ñ ý��1�z��ÿa�zý����ª�1�/��2ª�;�¢Xþ M 2<�+'ý $ ýlüQÿ��A� $ �Xþ�&?�O0©ýz�'ý ñ 0i�uý¢�X0·þCý'� $zð ����ò2ª�aXÿQü1� ñ ý�1�Ã0ª2#2ª��0i�¢�-�z�6ÿa�?�r2�0�Xþ�08þ���1��2���2<�;2lý��ïýFþ32ª��� � ð)ê�ò�êEå'æ p èrâ¹ãQë¹ëbçuë�å'æ.ç�çr÷.óQçrë e∗1, . . . , e∗kãQð
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i .p.ṫi.p
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tεi �º� æØçNèrâbãÎëbë¹ì¶î.óÃ�®ãQâ¹÷�ãÎð q̃ ��ìÇå'æ�é¶ì¶ð�å�ë�ãQð s ì¶ë�ò�êXâbçrîÎå�æØçrë¹ì[�rçr÷©
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êXîØ÷

`2
ãQîYê óQìA)Rçrî�ë¹ñØâbð]êXèrç�å'ã öCçNå.�4ã æ.ãQä-ãXå'ãQòØì¶è

ëbñ.öØò.ê/å'æØë�ãQð
`1
êXîØ÷
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��ìÇå�æ�å�æØç�ë'êXäïç�çrî.÷ØòCãQì¶îÎå'ë

x
êXîØ÷

y
õ�èuêXé¶é¶çr÷�å'æ.ç��' $ þCý $ ��ãQð1å'æØç�é¶çrîØëuõ�ëbãå'æ.êEå4å'æØçrë¹ç"å.�4ã�ë¹ñ.öØò.ê/å'æØë4èrãQîØèuê/å'çrî.ê/å'çr÷:å�ãQóQç6å'æ.çrâ®äïê � ç½ê�ëbì�ä-òØé¶ç½é¶ãJãQòùö&ãÎñØîØ÷.ì¶îØó-êNå'ãÎò&ãQé¶ãQóÎì¶èuêXé÷Øì¶ë � ãQîïå'æ.êEå¯ë¹ñ.âbð·êXèrç � � çrèuêQñØë¹ç�çrìÇå'æ.çrâ�ê�ò�êXâbçrîRå'æØçuëbì[�uçr÷zãQâ�êXî:ç�6Jå'â¹çräïêXé rj ú âbçr÷.ñØè6å'ì¶ãÎîzì¶ë�ò&ãQë¹ë¹ì¶öØé¶çãQî

[r + s/ti]
õ�å�æØçrâbç�ä�ñØë�å"ç�6Øì¶ë¬åEõ.ì¶î M̃ õ�êïé¶çrîØë�ãQð tεi êXî.÷�ê-é¶ì¶ð�å�ãQð rj õ.ë¹ñ.è�æøå'æ.ê/å�êEå"ä-ãÎë¬å"ãÎîØç�ãQðìÇå'ë�èrãQâbî.çrâbë�òØâ¹ã14¬çrè6å�ë®å'ã

v0
êXîØ÷�îØã-é¶ì¶ð�å"ãQð

r
êXîØ÷

s
èrâbãÎëbë¹çrë®å�æØì¶ë�é¶çrî.ë �

� æ.ç�òØâ¹ã14¬çrè6å�ì¶ãQîwãÎð1å'æ.ì¶ë�é¶çrîØë�ãÎî M èrâbãQë¹ë¹çrë�îØãøé¶ãJãQò�ì¶î
r

�ìÇå�èuêXîså'æ=ñØë�ö&çî)Øì¶ç��®çr÷YêXë½ö&çrì¶î.ó

÷Øâ¹ê���î ì¶îïå�æØç"ò&ãÎéÇô�óQãQî�êXé&ë¹è�æØçräzêN÷Øçrí.îØçu÷:öÎô
r
õ=æØçrî.èrç"öCãQñØîØ÷.ë¯ê½å�ãQò&ãQé¶ãÎóQì¶èuêXéC÷Øì¶ë � D êQîØ÷:ì¶ë®êXé¶ë¹ãêzé¶çrîØë � ¶�ã:é¶ãJãÎòsãQð r êXîØ÷ s çrîÎå�çrâbë D 
&å'æØç�ì¶îRå'çrâbë¹çrè6å�ì¶ãQîsãQð ti �"ìÇå'æ D ì¶ë�êzë¹ç6å�ãQð�ë¹ì¶ä-òØé¶ç�ò.êEå�æØë��æØãQë¹ç�çrîØ÷.ò&ãQì¶îRå'ë�é¶ì¶ç�ãÎî

rj � E¯ãÎîØë¹ì¶÷Øçrâ¹ì¶îØóøêXîsì�îØîØçrâ¹ä-ãQë�å�ë¹ñ.è�æsèrñ.â	)Rç  áoì¶óQñØâ¹çÃ½ ! õ3�®ç�óQç6å�êzé¶çrî.ëãQð
rj
êXîØ÷

ti
å'æ�êEå�ì¶ë�èuâbãQë¹ë¹çr÷�öÎô�î.ãQîØçNãQð±å'æ.ç�ò�êEå'æ.ë�ì¶î

r
êXî.÷

s
õ�îØãQâ�öRô

ti � £ ç6å x êXî.÷ y ö&ç½å'æ.çèrãQâbîØçuâbë4ãQð)å'æØç½é¶çrîØëuõ.êXîØ÷
txyi
êXîØ÷

rxyj
ö&ç"å�æØç�ò�êXâ¬å'ë4ãQð

ti
êQîØ÷

rj
èrãQîØë�å'ìÇå�ñ=å'ì¶î.ó�å'æ.ì¶ë4é¶çrî.ë�
.êXë¹ë¹ñØä-ç

å'æ.êEå
y
ì¶ë�î.ã/å4å'æ.ç½ö.êQëbçuò&ãQì¶îÎå �E¯ãQî.ë¹ì¶÷Øçrâ±å'æ.ç®é¶ãJãQò

r′j
ãQö�å�êXì¶îØçu÷�ð8âbãQä

rj
êQð�å'çrâ±å'æ.ç¯â¹çròØé�êXèuçrä-çrîRå�ãQð

rxyj
öRô�ê�ò.êEå�æ�óQãQì¶îØó½êQé¶ãQîØó

txyi
õ�4¬ñØë�åOãQñ�å'ë¹ì¶÷Øç¯å'æ.ç4é¶çrî.ë�
RöÎô�å'æ.ç4÷Øçrí.îØìÇå�ì¶ãQî-ãQð

r = fj(s)
õ
r′j
èuêXî.îØã/å�ö&ç4ë¹æØãQâ�å'çrâoå'æ�êXî

rj

Ræ.çrîØèrçQõ

txyi
èuêXî.îØã/åNö&ç-ë¹æØãQâ�å'çrâ�å'æ.êXî

rxyj � E¯æ.êXî.óQç ti ì�îÎå'ã t′i êXë½ð8ãÎé¶é¶ã���ë��½âbçròØé�êQèrç txyi öÎôYêøò.êEå�æ�óÎãQì¶îØóêXé¶ãQîØó
rxyj
õ=4¬ñØë�å¯ãQñ�å'ë¹ì¶÷Øç4å�æØç�é¶çrî.ë � [r+ s/t′i]

ì¶ë�÷Øçu÷ØñØèuçr÷zð8âbãQä
[r+ s/ti]

öÎô:êXî
rj ú âbçr÷.ñØè6å'ì¶ãÎî�õ=êXîØ÷

t′i
ì¶ë�îØãïé¶ãQîØóÎçrâ¯å�æ.êXî

ti
õØæØçrî.èrç½æ�êXë®å'æØç½ë'êXäïç½é¶çrî.ó/å'æ�êXëuõ

ti

.ð8ñØâ¬å�æØçrâbäïãQâbçQõ
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ì¶ë�ë¹ì¶ä-ò.é¶ç �
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é¶ì¶ð�å�ë�ãQð
sk
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k 6= jé¶ì¶ð�å'ë�ãQð
rj

é¶ì¶ð�å�ë�ãQð
sj é¶ì�ð�å�ãQð

t′

vα vβ vγ

áoì¶óÎñØâbçâD�� " )�ì¶ç��eãQð M̃(s, j, t̃′)
õ�å'æØçYé¶ì¶ð�å'ë�ãQð
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õ
sj
õ�êXîØ÷ å'æØçYé¶ì¶ð�å
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β
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β
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β
j s
γ
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j r̄
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öCç�å'æ.ç�é¶ãJãQò ãQö=å6êXì¶îØçr÷ öÎô âbçròCçuêEå'çr÷ êXòØò.é¶ì¶èuêEå'ì¶ãQî.ë�ãQð

£ çräïäïê8@�»Yñ.îÎå'ì¶é�îØã
rj ú âbçr÷.ñØè6å'ì¶ãÎî�ì¶ëzòCãQë¹ëbì¶ö.é¶ç�ãQî [r + s/ti] � ¶"ã/å'çùå'æ.êEå

[s/ti] = [s/t′i]

ä�®ç

ë¹æ�êXé¶é�ò.âbã�)Rç�å�æ.êEå
[r/t′i] = gj([s/t

′
i]) �¬ çrí.îØç�å'æØç

j
ò.08þ32lý $ æ-�;� ��ãQð t′i å'ã:ö&ç�å'æØç�äïê=6�ì¶äzêXé±ëbñ.öØò�êEå'æØë"ãQð t′i å'æ�êEå�÷.ãzîØãXå�èrâ¹ãQë¹ë�êXîÎô sk õð·ãQâ

k 6= j � � ð t′ ì¶ë�ê j ú ì¶îRå'çrâ	)ÎêXéoãQð t′i õ�é¶ç6å t̃′ öCçNå'æ.ç�é¶ì¶ð�å�ãQð t′ å�æ.êEå�ì¶ë�ì¶îØèué¶ñØ÷Øçu÷wì¶î t′εi � £ ç6å [s/t′]÷.çrîØãXå'çOå�æØç¯èuâbãQë¹ë¹ì¶îØó²�®ãQâb÷�ãQð
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 áoì¶óQñØâbç²D ! � ¹ î M̃(s, j, t̃′)

õ;�®ç�ë¹çrç4å�æ.êEå
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rj ú ë�ô�ä�öCãQé¶ë�ì¶î [r + s/t′]
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rj ú âbçr÷.ñØè6å'ì¶ãÎîÃ�®ãQñ.é¶÷zö&ç�òCãQëbë¹ì¶ö.é¶ç�ãÎî [r+s/t′] ! õJîØãÎâ�÷.ì�LCçrâbçuîÎå¯é¶ì¶ð�å'ë�ãQð rj ì¶î M̃(s, j, t̃′)
 ë¹ì¶î.èrç4å.�®ã

ë¹ñ.è�æùé¶ì¶ð�å�ë�êXâbç�ëbçuò.êXâ¹êEå�çr÷ùöÎô�ê�é¶ì�ð�å�ãQð
sj ! �

[r + s/t′]
ì¶ë-÷.çr÷Øñ.èrçr÷ ð·âbãQä

[s/t′]
öRô�ì¶î.ë¹çrâ¬å'ì¶ãQî.ë-ãQð

rj ú ë�ôØä�ö&ãQé�ë �ó� ç � îØã�� å'æ.êEå:êEåzä-ãQë�åãÎîØç
rj ú ë�ô�ä�ö&ãQé)èuêQî�ö&ç�ì¶îØë¹çrâ�å'çr÷�öCç6å.�®çrçuîøå.�®ã sj ú ë¬ôØä�ö&ãÎé¶ë  êXîØ÷�êXé¶ë¹ãzêEå�å'æØç�öCçróQì¶îØî.ì¶îØózêXî.÷øå'æØççuîØ÷ ! ãÎð [s/t′] � G�ë¹ì¶î.óïå'æ.ì¶ë�òØâbãÎò&çrâ¬å¬ôsêXîØ÷wãQö;)�ì¶ãÎñØë�ë¹çrò.êXâ'êEå'ì¶ãQîwòØâ¹ãQò&çrâ�å'ì¶çrë�ãQðoå�æØç�é¶ì¶ð?å'ë�ãQð rj êXîØ÷

sj
ì¶î M̃(s, j, t̃′)

õ±ãQîØçzèKêXî ÷Øçr÷.ñØèrç
[r + s/t′]

÷Øì¶âbçuè6å'éÇô�ð8â¹ãQä
[s/t′] �:� æ.çïð·ãQé¶é¶ã���ì¶î.óùå�êQöØé¶çzóQìA)Rçrëå�æØç�âbñ.é¶çrë��¯å'æ.çNí.âbë�å"å.�4ã:èuãQé¶ñØäïîØë�ì¶îØ÷.ì¶èuêEå'çNå.�®ã:ë¹ñ.èrèrçrë¹ë¹ìA)Rç

sj ú ë�ô�ä�öCãQé¶ë"ì�î [s/t′]
õ�êXîØ÷�å'æØç�âbì�óQæÎå

èuãQé¶ñØäïîzì¶î.÷Øì¶èuê/å'çrë�å'æ.ç
rj ú ë�ô�ä�ö&ãQé.å'ã�ö&ç�ì�îØë¹çrâ¬å'çu÷zöCç6å.�®çrçuî-å'æ.çrë¹ç sj ú ë¬ôØä�ö&ãÎé¶ë�å'ãNóÎç6å [r+ s/t′]

õJãQâ
 − � ì¶ð�îØãNë�ô�ä�ö&ãQé�ë¹æØãQñ.é¶÷zöCç�ì�îØë¹çrâ¬å'çu÷ �#� æØç"ö&çróQì¶î.îØì¶î.óNãQâ(å'æ.ç�çuîØ÷zãQðCå'æØçä�®ãÎâb÷ [s/t′]

ì¶ë�÷Øçrî.ã/å'çr÷
öRôùê�ë�å�êQâ �
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between and insert between and insert

? s̄αj r̄αj sαj s̄αj −
? sαj − s̄αj sαj −
s̄αj ? − s̄αj s̄βj r̄βj
sαj ? rαj sαj sβj rαj
? ? −

� æØç?�®ãQâ¹÷ [r/t′]
ì¶ë®ç�6ØêQè6å'éÇôïå�æØç�é¶ì¶ë¬å4ãÎð)ì¶îØë¹çrâ¬å�çr÷ ë¬ôØä�öCãQé¶ëuõ�êXîØ÷ ìÇå�ì¶ë¯çuêXë�ôïå'ã�ë¹çrçÎõ=ñ.ëbì¶î.ó�å�æØì¶ë�å�êXöØé¶ç

êXîØ÷ùöRôøì¶î.÷ØñØèFå'ì¶ãQîùãÎî å'æ.ç½é¶çrîØó/å�æùãÎð
[s/t′]

õ=å'æ.ê/å4å'æØì�ë4é¶ì¶ë�å"ì¶ë�òØâ¹çrèrì¶ë¹çréÇô
gj([s/t

′]) �" ë¹ë¹ñØäïç�îØã�� å�æ.êEå t′ ì¶ë-å�æØç�í.â¹ë�å j ú ì¶îÎå'çuâ	)QêXé"ãQð ti � � æØçsâbçuêXë¹ãQîØì¶î.ó ì¶ë êXî�êXé¶ãQóQãQñ.ërõ4ç�6�èrçrò�åå'æ.êEå�å'æØç í.âbë�åïâbñØé¶ç  å'ãQò é¶çrð�å ! ì¶ë�î.ã/åÃ)QêXé¶ì¶÷ÙêXîÎô�ä-ãQâ¹ç�
�ì¶î.ë�å'çuêX÷)õoå�æØç ð·ãQé¶é¶ã���ì¶îØóYâbñØé¶çøæ.êXë�å�ãwöCçñØë¹çr÷���öCç6å.�®çrçuî
?
êXîØ÷

s̄αj
õ��®ç�ì¶î.ë¹çrâ¬å"îØã/å�æØì¶îØóïì¶ð

̄α
ì¶ë�êXî�ì¶î.ìÇå'ì�êXé)ë�ô�ä�öCãQé©õ�êXîØ÷

r̄αj
ã/å�æØçrâg��ì¶ë¹ç � � ôì¶îØ÷Øñ.è6å'ì¶ãQî)õ

[r/t′] = gj([s/t
′]) �¦� æØç�èuêXë¹ç��"æØçrâbç t′ ì¶ë®å�æØç½é�êXë�å j ú ì¶îÎå'çuâ	)QêXé)ãQð ti ì¶ë�êXî.êQé¶ãQóQãQñØë �
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�

132�4547698 � ìÇå�æØãQñ�å�é¶ãQë¹ë(ãQð&óQçrî.çrâ¹êXé¶ìÇå¬ôRõÎë¹ñØòØòCãQë¹çC�®ç4èuêXî*�"âbìÇå'ç f = a◦ f̄i◦b◦fi◦c
õ1��æØçuâbç

a, b
õ

êXîØ÷
c
êXâbç½èrãQä-òCãQë¹ìÇå'ì¶ãQî.ë4ãQðjçué¶çrä-çrîRå�êXâ¬ôøë�å'çròØë4ã/å�æØçrâ�å�æ.êXî

fi
êXî.÷

f̄i

=å'æ.ç½êXâbóQñ.ä-çrîÎå�ì¶ë4ë¹ì¶ä-ì¶é?êXâ®ì¶ð

fi
êXîØ÷

f̄i
êXòØòCçuêXâ¯ì¶îzå�æØç�ãQòØòCãQë¹ìÇå'ç�ãQâb÷.çrâ¯ì¶î

f �¦� æØçuâbç�êXâbç"å.�®ã�èKêXë¹çrë�å'ã�èrãQî.ëbì¶÷.çrâ � áoì¶âbë�å4ëbñ.òØòCãQë¹ç
vi
ì¶ë�å'ã å'æ.ç-é¶çrð�å�ãQð

ui � � ôâ·�âbãQò&ãÎëbìÇå�ì¶ãQîÓD�õ�å�æØçrâbçïç�6�ì¶ë�å'ëNêøë¹ì¶äïòØé¶ç-é¶ã=ãQò v′i ãÎð�å'æ.ç-ë¹êQä-ç-é¶çrî.ó/å'æêXëNêXî.÷�æØãÎä-ã/å'ãQò.ì¶è�å'ã
vi
ë¹ñØè6æwå�æ.êEå

v′i
÷ØãJçrëNîØã/å�èrâ¹ãQë¹ëNêXîRôYé¶ãJãQò�ì¶î

c(u)
êQîØ÷

v′i
ì¶ë�å�ãøå'æØçïé¶çrð�å

ãQð
c(u)i ��� æØçï÷Øçrí.îØìÇå�ì¶ãQî�ãQð fi ì¶ä-ò.é¶ì¶çrë½å'æ�êEå fi(c(u))i

èuêXî.îØã/å�öCç-é¶ãÎîØóQçrâ½å'æ.êXî
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ãÎð�å'æØç�çré¶çräïçrîÎå�êXâ�ôÙë�å'çrò
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÷Øçrë¹èrâ¹ì¶ö&çr÷�ì¶î å'æ.ç�òØâbã=ãQð"ãÎð�å�æØì¶ë-å'æØçrãÎâbçrä���æØçrâ¹ç��®ç�äïêrôÙæ�ê�)Rç

|sj | = |f(s)j |
��æ.ì¶é¶ç

sj 6= f(s)j ��� ã�òØâbã�)Rç�å'æØì¶ëNâbçrë¹ñØéÇåKõjìÇåNë¹ñ/¾ïèrçrë�å�ãùòØâbã�)Rç�å'æ�êEå���æ.çrîØç�)Rçrâ�êë�ôØë¬å�çrä ãQð4é¶ãJãÎòØë
s
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ì¶ë�ãQò=å�ì¶äïêXé �,« çrâ¹çuêXð�å'çuârõ��®ç êXë¹ë¹ñØäïç

|s| = |f(s)| �¦� æ.ç½é¶ã=ãQò ti ì¶ë�ë¹ì¶ä-ò.é¶çQõØæ.ãQä-ã/å�ãQòØì¶è�å'ã si õ�êXîØ÷�êXë�ëbæ.ãQâ¬å�êXë�ò&ãÎëbë¹ì¶ö.é¶ç �� ìÇå'æ.ãQñ=å(é¶ãQë¹ëoãQð.óQçrîØçrâ'êXé¶ìÇåmôRõ-�®çÜ��âbìÇå'ç f = a◦f̄j ◦b◦fj ◦c
õ=�"æØçrâ¹ç

a
õ
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êXîØ÷

c
êXâbç¯èrãQäïò&ãÎëbìÇå�ì¶ãQîØë

ãÎð.çué¶çrä-çrîRå�êXâ¬ô�ë�å�çròØë1ã/å�æØçrâ±å'æ�êXî
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êQîØ÷

f̄j � E¯æ.êQîØóQì¶î.ó"å'æØç®ãQâbì¶çrîRå�êEå'ì¶ãQî-ãQð sj �®ãQñØé¶÷�ì¶î.÷Øçrçr÷-êQé¶é¶ã��
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å'ãzì¶î;)Rçuâ¬å�å'æ.çNãJèrèrñ.âbâbçrî.èrçrë�ãQð
fj
êQîØ÷

f̄j
ì¶î
f � � ô�âbç ú ì¶î.÷Øç�6Øì¶îØó-å'æØçNé¶ã=ãQòØë"ãQð s õ�ì¶ð1î.çrèrçrë¹ë'êXâ¬ôRõ(�®çèuêXî êXé¶ë¹ã�êXë¹ë¹ñØäïç�å'æ.ê/å

fk
ãJèrèrñ.âbë�öCçrð8ãQâ¹ç
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ì¶ð
k < l � £ ç6å q ∈ [0, 4g] � � ðCå'æ.ç q å'æ:çué¶çrä-çrîRå�êXâ¬ôzë�å'çuòì¶î

f
èrãQî.ë¹ì¶ë¬å�ë®ãQðjâbçrò.é�êXèrì¶îØó-ê�é¶ãJãQò

`
öÎôøê�ë¹æØãQâ¬å�çrâ¯é¶ã=ãQò

`′
ì¶î:å'æØç�èrñØâbâ¹çrîÎå�ë¬ôØë�å'çräùõ��®ç�ë'êrôzå'æ.ê/å

`′�m�;�.ý'� $ ý'&:��2C2�0c�ïý q êXî.÷ å'æ.êEå ` &10i���m�;�.ý'� $ ý'&:��2C2�0c�ïý q � � î�ò.êXâ¬å�ì¶èrñØé�êQârõ=å'æØç½é¶ã=ãQòØë�ì¶î s êXò.ò&çKêXâbçr÷êEå4å'ì¶äïç��uçrâbãïêQîØ÷
s1
÷Øì¶ë'êXò.ò&çuêQâbçr÷�êEå�å'ì¶ä-ç�@ �

" èrâbãQë¹ë¹ì¶îØó��®ãQâb÷ w ì¶ëïë'êXì¶÷ �¶ý�9�2 j ò $ ýz&Xÿ(�'ýz&  âbçrë¹ò � $ 0«ü1��2 j ò $ ý'&Xÿ(�'ýz& ! ì¶ð w = gj(w)
 âbçrë¹ò �

w = ḡj(w) ! �
+�ù��,�.-°ÿ~h ï©��ý $ ýøýK	�0i��2ª������0c�?�r�«ý¯�ã��� t′i ð �a1���2<m��0<��2<,�Qþ3&sþ�é�ãXþJüJý $ 2ª�a�Qþ ti ð ��ÿ(���¨2ª�a�;2
[s/ti] $ ý'&Xÿ(��ý��>2< [s/t′i] ð �Xþ�&?9� $ �Qþ/� j ∈ [1, 2g] ð [s/t′i]

0c�>�«ý�9�2
j
ò $ ý'&Xÿ(��ý'&��

132�4547698 7 ñ.òØòCãQë¹ç4å'æ�êEå4êNé¶çrð?å j ú âbçr÷.ñØè6å�ì¶ãQî:ì¶ë¯ò&ãQë¹ë¹ì¶öØé¶ç�ãQî [s/ti]
ð·ãQâ�ë¹ãQä-ç

j ∈ [1, 2g] �#� æ.çrî�õêXë�ì¶î-å'æ.ç�òØâbãJãÎð�ãQð £ çrä-äzê�@�»�õ��®ç�èuêXî:ç�6�æØì¶ö.ìÇå®êXîzçuä-ò=å¬ôïé¶çrîØë�öCãQñØîØ÷.çr÷zöÎô
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êXî.÷
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õ;��ìÇå�æ
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å'æØç½é¶çrð�å�ãÎð
sj � E®êXé¶éCå�æØç½ëbçuóQä-çrîRå'ë4ãÎð sj êXî.÷ ti ö&ãQñ.îØ÷Øì¶î.ó�å�æØì¶ë4é¶çrî.ë s̄j êXî.÷ t̄i õØâbçrë¹òCçrè6å'ìA)RçuéÇô �U� çëbæ�êXé¶é.òØâbã�)Rç®å'æ.ê/å
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êXî.÷
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æ.ê�)Rç®å'æ.ç4ë'êXä-ç�é¶çrî.ó/å'æ � � å¦�"ì¶é¶éØð8ãÎé¶é¶ã���å'æ.ê/å¦�®ç�èuêXîïä-ã=÷Øì¶ð�ô ti ��ìÇå'æ.ãQñ=åè�æ.êXî.óQì¶îØóïìÇå'ë�é¶çrîØóXå'æ�îØãQâ4ìÇå�ë�æØãQäïã/å'ãQòÎôùèré�êXë¹ë®å'ãïòØâbãJèuçrçr÷ å�ã�å'æ.ç½é¶çrð�å

j ú âbçr÷.ñØè6å�ì¶ãQîùì¶î [s/ti] �7 ñ.òØòCãQë¹ç�å'æØç4ð·êXèFå'ãQâ c öCçrð8ãQâbç fj ì¶î f ì¶ë�èrãQä-òCãQë¹çr÷-ãQð p çré¶çräïçrîÎå�êXâ�ô�ë�å'çròØë � á.ãQâ�êXîÎô q ∈ [1, p]
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t̄i
èuêQî�ö&ç�âbçrò.é�êXèrçr÷�öRô�ê ò.êEå'æ

τq
�"ìÇå'æså'æ.ç�ë'êXäïç�é¶çrîØóXå'æYêXë½êQîØ÷�æ.ãQä-ã/å�ãQòØì¶è�å'ã

t̄i
õO�"æØì¶è�æ

èrâbãQë¹ë¹çrë�îØãïé¶ãJãQòùãQð
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q < p � £ çFå ` öCç4å'æØç"é¶ãJãQòïå'æ�êEå®êQòØò&çKêXâbçr÷êEå å'ì¶äïç
q + 1 � ¹ îØéÇô

`
èuêXî èuâbãQë¹ëzå�æØçwé¶çrî.ëøö&ãQñ.îØ÷Øçu÷ öRô
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 ò&ãQë¹ë¹ì¶öØéÇô�ñØë¹ì¶îØózç�6=å'âbçräzêXé)âbçu÷ØñØèFå'ì¶ãQîØë�ì¶ð1ãQîØçNèrãQâbî.çrâ�ãQð±å'æ.ç�é¶çrî.ë�ì¶ë"ê-é¶ì¶ð?å�ãQðjå'æ.ç�ö.êXë¹çròCãQì¶îÎå ! � � ôå'æØçïä-ì¶î.ì¶äïêXé¶ìÇå¬ôYãQð
`
õoêXé¶é�é¶çrîØë¹çrëNö&ç6å.�®çuçrî

τq
êXîØ÷
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êXîØ÷��®çNèuêXî�ìÇå'çrâ¹ê/å'ìA)RçréÇô�âbçuä-ã�)Rç�êXé¶é�å'æØçNèrâbãÎëbë¹ì¶î.óQë�ö&çFå.�®çrçrîùå'æ.çrä �º� æØì�ë�òØâbã=èrçrë¹ë�âbçrò.é�êXèrçrë τq öÎô
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`

`
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ê�æØãQäïã/å'ãQò.ì¶è½ò�êEå'æ
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ãQðjå'æØç�ë¹êQä-ç½é¶çrî.ó/å'æøå'æ�êEå�÷Øã=çrë�îØã/å�èrâ¹ãQë¹ë

cq+1(s)

Øë¹çrç�áoì¶óQñ.âbç�@{� �
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L′
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t̂i

áoì¶óÎñØâbç¥@�¤�� � æØç"ë¹ìÇå'ñ.êEå�ì¶ãQî:ãQî-å�æØç"é¶çrð�å®èuêXîØî.ã/å®ãJèrèrñ.â��jå'æ.ç�é¶ãJãÎò ` ä�ñ.ë�å¯æ�ê�)Rç"÷Øì¶ë'êXòØòCçuêXâbçu÷zö&çuð8ãQâbç
rj
êXò.ò&çuêXâ¹çr÷�
JæØçrî.èrç

`
æ.êXë�êXîïì¶îØ÷.ç�6  êXë�ê�é¶ã=ãQòïãQð

s ! ë¹äïêQé¶é¶çrâ1å'æ�êXî j êXîØ÷ïèuêXî.îØã/å�ð8ãQâ¹ä êXîïçrä-ò�åmôé�çrîØë´��ìÇå�æ
ti
êXë�å'æ.ì¶ëä�®ãÎñØé¶÷sçrìÇå'æ.çrâ�èrãÎîÎå'â¹êX÷.ì¶è6å"å'æ.êEå

[s/ti]
ì¶ë"é¶çuð�å ú â¹çr÷Øñ.èrçr÷�ãQâ�å'æ�êEå j ì¶ë�ä-ì¶îØì¶äzêXé©õ÷.çròCçrîØ÷Øì�îØó-ãQî å�æØç½ãQâbì¶çuîÎå�êEå�ì¶ãQî�ãQð

` �

� ô:ì¶îØ÷.ñØè6å'ì¶ãÎî�õ��®ç�èuêXî â¹çròØé�êXèuç t̄i öÎô ê�ò.êEå'æ τp ��ìÇå'æ:å'æØç�ë'êXäïç�é¶çrî.ó/å'æøêXë4êXî.÷ æØãÎä-ã/å'ãQò.ì¶è�å'ã
t̄i
õ���æØì¶è�æøèrâbãQë¹ë¹çrë®îØã�é¶ãJãQòøãQð

cp(s) = c(s) � á.ñØâ�å'æØçrâ¹ä-ãQâbçÎõ s̄j êXîØ÷ τp ð8ãQâ¹ä ê�é¶çrîØëº��ìÇå'æ τp å'ã�å'æØçé�çrð�å½ãQð
s̄j � � çrèKêXñØë¹ç |sj | = |f(s)j |

öRôsêQëbë¹ñ.ä-ò=å�ì¶ãQî�õ
sj = c(s)j

ä�ñ.ë�å�æ�ê�)RçNå'æ.ç�ë'êXäïç�é�çrîØó/å'æ�êXë
fj(c(s))j � � å�ð·ãQé¶é¶ã���ë4å'æ.êEå s̄j èuêXîØî.ã/å�öCç½é¶ãQî.óQçrâ¯å�æ.êXî τp ��« çuîØèrç |s̄j | = |τp| = |t̄i| �
+Üù��,�.-°ÿ�x ï©��ý $ ý ý
	�0i��2ª������0c�?�O�¶ý¯�ã��� t′i ð �a����2<���05�¯2<,�Xþ�&�þ�¡�ãXþJüJý $ 2ª�a�Xþ ti ð ��ÿ(���¨2ª�a��2
[s/ti] $ ý'&Xÿ(�'ý��î2< [s/t′i] ð �Xþ�&?9� $ �Xþ(� j ∈ [1, 2g] ð [s/t′i]

0c� $ 0«ü1��2 j ò $ ý'&Xÿ(��ý'&��
132�45456d8 áØâ¹ãQä å�æØç�òØâ¹ç�)�ì¶ãQñ.ë"é�çrä-äzê��®ç�èuêXîwêXë¹ë¹ñØäïç�å'æ�êEå

[s/ti]
ì¶ë�é¶çrð�å ú âbçr÷Øñ.èrçr÷ ��7 ñ.òØòCãQë¹çå�æ.êEå1ê�âbì¶óQæÎå

j ú â¹çr÷ØñØèFå'ì¶ãQîNì¶ëjòCãQëbë¹ì¶ö.é¶ç � E¯æØã=ãQë¹ç j ä-ì�îØì¶äïêQéRêXäïãQîØó4å'æ.ç�òCãQë¹ëbì¶ö.é¶çOâbì¶óQæÎå j ú âbçu÷ØñØèFå'ì¶ãQîØë �� æØçrî)õ;�®ç"èuêXî ç�6�æØì�öØìÇå®êQî:çrä-ò�åmôzé¶çrîØë L ö&ãQñ.îØ÷Øçr÷:öÎô sj êXîØ÷ ti õ���ìÇå'æ ti å�ã½å'æ.ç"âbì¶óQæÎå®ãÎð sj � E4êXé¶éêQóÎêXì¶î
s̄j
êXîØ÷

t̄i
å'æ.ç�å.�®ãïâbçrë¹òCçrè6å'ìA)Rç�ëbñ.öØò�êEå'æØë�ãQð

sj
êXîØ÷

ti
ö&ãÎñØîØ÷.ì¶îØó�å'æ.ì¶ë4é�çrîØë �

" ë�ð8ãÎâ £ çrä-äzêÓ@=½=õU�®ç:ë¹æ.êQé¶é�ò.âbã�)Rçzå'æ.êEå-ë¹ãQä-ç ò.êXâ�å�ãQð ti õ(ì¶îØèré¶ñ.÷Øì¶î.ó t̄i õ(èuêXî�ö&ç ä-ãJ÷.ì«í.çr÷�"ìÇå'æØãQñ�å-è�æ.êXî.óQì¶îØó�ìÇå'ë�é¶çrîØó/å�æ�îØãQâ�ìÇå�ë�æ.ãQä-ã/å�ãQòÎôAèré�êQëbë�å'ãwò.âbãJèrçuçr÷ å'ã�û êEåïé¶çuêXë�å�û êsâ¹ì¶óQæÎå
j úâ¹çr÷Øñ.è6å'ì¶ãQî�ì¶î

[s/ti] �áØãÎé¶é¶ã���ì¶îØó å'æ.ç�òØâbã=ãQðOãQð £ çräïäïê,@{½=õr�®ç�èuêQîYêXë¹ë¹ñØäïç�å'æ.êEå
t̄i
èuâbãQë¹ë¹çrë½îØãøé¶ãJãQòYãQð

c(s) � ·(ñ�å
rj = fj(c(s))j �*� ç-æ.ê�)Rç�å'æ.ç-ð8ãQé¶é¶ã��"ì¶îØó�ë¹ìÇå'ñ.ê/å'ì¶ãQî�
 s̄j êXîØ÷ t̄i ð8ãQâbä å'æ.ç-é¶çrîØë L ��ìÇå'æ

t̄i
å'ãøå'æØç

â¹ì¶óQæÎå½ãQð
s̄j
õ�êQîØ÷

rj
ì¶ë�ãQî�å'æ.ç�é�çrð�å½ãQð

sj
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